
1 Groups

Finite Groups:

• Cyclic Group Z/nZ, |Zn| = n.

• Symmetric Group |Sn| = n!

• Dihedral Gr Dn = {1, R, .., Rn−1, S,RS, .., Rn−1S},|Dn| = 2n.

Lie Groups (C∞-Manifolds):

• GL(n,K) = {invertible n× n matricies}
• GL(V ) = {invertible linear mappings V → V }
• SL(n) = {A ∈ GL(n,K)|det(A) = 1}
• O(n) = {A ∈ GL(n,R)|A⊤ = A−1

⇐⇒ (Ax,Ay) = (x, y) ∀x, y ∈ R}, where (x, y) =
∑n
j=1 xjyj

• U(n) = {A ∈ GL(n,C)|A∗ = A−1

⇐⇒ (Az,Aw) = (z, w) ∀z, w ∈ C}, where (z, w) =
∑n
j=1 z̄jwj

• O(p, q) = {A ∈ GL(p+ q,R)|(Ax,Ay)p,q = (x, y)p,q},
where (x, y)p,q =

∑p
i=1 xiyi −

∑p+q
i=p+1 xiyi

• SO(n) = {A ∈ O(n)|det(A) = 1}
• SU(n) = {A ∈ U(n)|det(A) = 1}
A ∈ SU(2) ⇒ A =

(
α β

−β α

)
, (α, β) ∈ C2, |α|2 + |β|2 = 1

= ασ0 + i(βσ1 + γσ2 + δσ3), |α|2 + |β|2 = 1

• Sp(2n) = {A ∈ GL(n,R)|w(Ax,Ay) = w(x, y)},
where w(x, y) =

∑n
i=1(X2i−1Y2i −X21Y2i−1)

Definitions:

• A group G with a product G×G→ G, (g, h) 7→ gh has:

– associativity a(bc) = (ab)c

– neutral element 1 ∈ G : 1g = g1 = g

– inverse ∀g ∈ G∃g−1 ∈ G : gg−1 = 1 = g−1g

• A homomorphism φ : G → H fulfills φ(g ◦G g′) = φ(g) ◦H
φ(g′) ∀g, g′ ∈ G. It follows that φ(1) = 1, φ(g−1) = φ(g)−1.
If φ is bijective, we call φ an isomorphism and write G ∼= H.

• The set G/H of the cosets (links-Nebenklassen) of H ⊂ G
are the equivalence classes of g1 ∼ g2 ⇔ ∃h ∈ H so g2 = g1h.

• A normal subgroup/conjugacy class of G is a subgroup
H, so that ghg−1 ∈ H ∀g ∈ G, h ∈ H.

Useful Theorems:

• Let H ⊂ G be a normal subgroup. Then G/H is a Group with
product [g1][g2] := [g1g2].

2 Representations of Groups

Definitions:

• A representation of a group G on a R- or C-vector space V ̸=
0 is a homomorphism ρ : G → GL(V ) with the characteristic
ρ(gh) = ρ(g)ρ(h). It follows that ρ(1) = 1, φ(g−1) = φ(g)−1.

• The regular representation of finite group G is the repre-
sentation onto the vector space C[G] of all the functions from
G to C: (ρreg(g)f)(h) = f(g−1h), f ∈ C[G], g, h ∈ G.

• A homomorphism of representations (ρ1, V1) → (ρ2, V2)
is a linear operation φ : V1 → V2, so that φρ1(g) = ρ2(g)φ.
HomG(V1, V2) is the space of all G-equivariant maps. If an
invertible φ ∈ HomG(V1, V2) exists we have (ρ1, V1) ∼= (ρ2, V2).

• An invariant subspace of a (ρ, V ) is a subspaceW ⊂ V such
that ρ(g)W ⊂ W ∀g ∈ G. If W ̸= {0} we call the restriction
ρ|W : G→ GL(W ) a subrepresentation of G.

• A representation (ρ, V ) is completely reducible, if invariant
subspaces V1, . . . , Vn ⊂ V exist, such that V = V1 ⊕ · · · ⊕ Vn.

Useful Theorems:

• Let (ρ, V ) be a finite-dimensional representation. If for ev-
ery invariant subspace W ⊂ V there exists another invariant
subspace W ′ with V = W ⊕W ′. Then (ρ, V ) is completely
reducible.

• Unitary representations ρ(g) ∈ U(n) are completely reducible.

• Let (ρ, V ) be a representation of a finite group G. Then there
exists a scalarproduct (·, ·) on V such tat (ρ, V ) is unitary.

• Finite-dimensional complex representations of finite groups are
completely reducible.

• Irreducible finite-dimensional complex representations of com-
mutative groups are 1-dimensional.

• Schur’s Lemma: Let (ρ1, V1), (ρ2, V2) be irreducible complex
representations of G.

(i) φ ∈ HomG(V1, V2) =⇒ φ ≡ 0 or φ is an isomorphism

(ii) φ ∈ HomG(V1, V1). Then φ = λ1, λ ∈ C

3 Representation Theory of Finite
Groups

Definitions:

• The character χρ : G → C of a finite-dimensional represen-
tation (ρ, V ) of a group G is defined as χρ(g) = tr(ρ(g)). The
representation may be written in any Basis of G.
– χρ(g) = χρ(hgh

−1), e.g. χρ is constant on conjugacy classes.

– If (ρ, V ) ∼= (ρ′, V ′), then χρ = χρ′

– χρ(1) = dimV

– χρ⊕ρ′ = χρ + χρ′

– χρ(g
−1) = χρ(g), ∀g ∈ G

– Choosing a basis (δg)g∈G of delta functions where δg(g) = 1
and 0 otherwise of C[G]. It follows that ρreg(g)δh = δgh and
χreg(g) = |G| if g = 1 and 0 otherwise

• We define the scalar product (f1, f2) =
1
|G|

∑
g∈G f1(g)f2(g)

• A function f : G→ C is a class function, if f(ghg−1) = f(h).

Useful Theorems:

• A finite group G has a finite number of irreducible representa-
tions (ρ1, V1), . . . , (ρk, Vk). Let dα = dim(Vα), then∑k

α=1 d
2
α = |G|.

• Let (ρ, V ), (ρ′, V ′) be irreducible unitary representations of G:
1
|G|

∑
g∈G ρij(g)ρkl(g) =

1
dimV δikδjl, ∀i, j, k, l.

If (ρ, V ) ≇ (ρ′, V ′): 1
|G|

∑
g∈G ρij(g)ρ

′
kl(g) = 0.

• Let ρ, ρ′ be irreducible representations of a finite group G.
Then (χρ, χρ′) = 1 if (ρ, V ) ∼= (ρ′, V ′) and 0 otherwise.

• Let ρ = ρ1 ⊕ · · · ⊕ ρn be the factorization of ρ into irreducible
representations and σ be an irreducible representation. The
number of ρi isomorphic to to σ is equal to (χρ, χσ).

• Every irreducible representation of a finite group G is in the
regular representation. If a representation has dimension d
then it is in ρreg d times, (χσ, χreg) = d. We can see that
χreg(g) =

∑
i diχρi(g).

• Let ρ1, . . . , ρk be a list of non-isomorphic unitary representa-
tions. Let ρα,ij , α = 1, . . . , k, 1 ≤ i, j ≤ dα be the matrix
elements of ρα written in an orthonormal Basis. Then the
functions

√
dimVαρα,ij build an orthonormal basis of C[G].

• Let G be a finite group. The characters χ1, . . . , χk of the
irreducible representations of G build an orthonormal basis of
the Hilbert space of class functions.

• The number of irreducible complex finite-dimensional repre-
sentations of a finite group G is equal to the number of conju-
gacy classes of G.

• Let ρi : G→ GL(Vi), 1 ≤ i ≤ k be a list of all non isomorphic
irreducible representations of G. Let ρ be a representation
on V . Let V = U1 ⊕ · · · ⊕ Un be a factorization of V into
irreducible invariant subspaces. For every i, we define Wi as
the direct sum of all Uj for which ρ|Uj

∼= ρi. The projection
pi : V →Wi is given by

pi(v) =
dimVi
|G|

∑

g∈G
χi(g)ρ(g)v

• The factorization V =W1⊕· · ·⊕Wk is called canonical fac-
torization and the subspacesWi are called isotypic compo-
nents.

• Let ρ be a finite-dimensional complex representation of a com-
pact group G and A : V → V a diagonalizable linear function,
with ρ(g)A = Aρ(g), ∀g ∈ G. Let V = V1 ⊕ · · · ⊕ Vn be a
factorization into irreducible representations. Then A has at
most n different eigenvalues λk, each with multiplicity dimVk.

4 Die Drehgruppe und die Lorentz-
gruppe

Definitions:

• An isometry of the Euclidean space is a bijective function
f : R3 → R3, that conserves distances: d(f(x), f(y)) =
d(x, y), ∀x, y ∈ R3. Therefore v ∈ Rn A ∈ O(n) exist, such
that f(x) = Ax+ v ∀x ∈ Rn.

• The Minkowski space has the metric

(x, y)1,3 = x0y0 − x1y1 − x2y2 − x3y3.

• A vector is called timelike, if (x, x)1,3 > 0, spacelike if
(x, x)1,3 < 0 and lightlike if (x, x)1,3 = 0 for x ∈ R4.

Useful Theorems:

• Let n⃗ ∈ R3 be a unit vector and O ∈ SO(3) such that Oe⃗3 = n⃗.
Then R(n⃗, θ) = OR3(θ)O

−1 is the rotation around n⃗ by θ.

• Every A ∈ SO(3) can be written using Euler angles
φ ∈ [0, 2π), θ ∈ [0, π] and ψ ∈ [0, 2π) (uniquely if θ ̸= 0, π):

A = R3(φ)R1(ϑ)R3(ψ)

=

(
cosψ cosφ−sinψ cos θ sinφ − sin θ cosφ−cosψ cos θ sinφ sin θ sinφ
cosψ sinφ+sinψ cos θ cosφ − sinψ sinφ+cosψ cos θ cosφ − sin θ cosφ

sinψ sin θ cosψ cos θ cos θ

)

Homomorphism SU(2) → SO(3):

• We define H0 as the vectorspace of all hermitian 2×2 matrices,

which have the form
(

z x−iy
x+iy −z

)

• We define the scalar product (X,Y ) = 1
2 tr(XY ) = 1

2 tr(XY
∗)

• We define the orthogonal representation φ : SU(2) → GL(H0),
φ(A)X = AXA−1 = AXA∗.

• The Pauli matrices σ1, σ2, σ3 are an orthonormal basis of H0

σ0 = Id, σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
,

since tr(σiσj) = 2δij . Therefore we identify H0 with R3.

• φ : SU(2) → SO(3) is surjective with kernel {±1}. This means
SU(2)/{±1} ∼= SO(3)

The Lorentz-group:

• O(1, 3) = {A ∈ GL(4,R)|(Ax,Ay)1,3 = (x, y)1,3, ∀x, y ∈ R4}
For A ∈ O(1, 3): AgA⊤ = g, g =

(
1
−1

−1
−1

)

• A basis b0, . . . , b3 of R4 is orthonormal, if (bi, bj) = gij , ∀i, j.
• Let b0, . . . , b3 and b′0, . . . , b

′
3 be two orthonormal bases. Then

there exists exactly one A ∈ SO(1, 3) such that Abi = b′i.

• Lorentz transformation examples:

Λ(R) =

(
1 0 0 0
0
0 R
0

)
, L(χ) =

( coshχ 0 0 sinhχ
0 1 0 0
0 0 1 0

sinhχ 0 0 coshχ

)

The first is a rotation and the second is a Lorentz-boost in the
x3 direction with rapidity χ ∈ R.

P =

(
1
−1

−1
−1

)
, T =

(−1
1
1
1

)

Here P is a reflection of space and T is a reflection of time.

• For all Lorentz transformations A: A⊤ = PA−1P = TA−1T.

• O+(1, 3) = {A ∈ O(1, 3)|A00 > 0} is a subgroup of O(1, 3),
which maps Z+ → Z+, where Z+ consists of all the time-
like vectors with x0 > 0. Transformations that preserve the
direction of time are called orthochronous.

• SO+(1, 3) = {A ∈ O+(1, 3)|detA = 1} is called the special
orthochronus Lorentz group.

• Every Lorentz transformation is in one of the following classes:
SO+(1, 3), {PX|X ∈ SO+(1, 3)}, {TX|X ∈ SO+(1, 3)},
{PTX|X ∈ SO+(1, 3)}.

• Every orthochronous transformation A ∈ SO+(1, 3) is of the
form A = Λ(R1)L(χ)Λ(R2), χ ∈ R, R1, R2 ∈ SO(3).

• SO+(1, 3) is path connected: for each A ∈ SO+(1, 3) there
exists a continuous map γ : [0, 1] → M3(R) for which γ(t) ∈
SO+(1, 3)∀t and γ(0) = 1, γ(1) = A.

Isomorphism SL(2,C)/{±1} → SO+(1, 3)

• We define H as the 4-dimensional space of all the hermitian
2× 2 matrices: every matrix has the form

x̂ =

(
x0 + x3 x1 − ix2

x1 + ix2 x0 − x3

)
= x0σ0 +

3∑

j=1

xjσj

• ∀x ∈ R4 (x, x) = det(x̂)

• We define the representation φ : SL(2,C) → GL(H), φ̂(A)x =
Ax̂A∗. It follows that φ(A) ∈ SO+(1, 3).

• The function φ : SL(2,C) → SO+(1, 3) is a surjective homo-
morphism with kernel {±1}. Therefore φ induces an isomor-
phism SL(2,C)/{±1} → SO+(1, 3). The restriction of φ onto
SU(2) is the homomorphism above.

Lorentz group and the starry sky

• A light beam (through the origin) is a lightlike straight line
{λx, λ ∈ R}, x ̸= 0 with (x, x) = 0. We define the set of all
light beams as S(K).

• The mapping Λ 7→ SΛ is an isomorphism of SO+(1, 3) → S2.
(SΛ describes where each light beam intersects with the surface
of a ball with radius 1 around the origin.)

• Let Λ ∈ SO+(1, 3). If we identify the set of light beams S(K)
with S2, and using stereographic projection, with C, then SΛ

is a mobius transformation γA. The mapping Λ 7→ A is an
isomorphism ψ−1 : SO+(1, 3) → SL(2,C) and

ψ(A) = φ(QAQ−1), Q =

(
0 −1
1 0

)



5 Lie Groups and Lie Algebras

Lie Algebras:

• gl(n,K) =Mn(K), gl(V ) = End(V )

• sl(n,K) = {X ∈Mn(K)| trX = 0}
• u(n) = {X ∈Mn(C)|X∗ = −X}, dim = n2

• su(n) = {X ∈Mn(C)|X∗ = −X, tr(X) = 0}, dim = n2 − 1

• o(n) = so(n) = {X ∈ Mn(R)|X⊤ = −X} (tr(X) = 0), dim =
(n2 − n)/2

• sp(2n) = {X ∈Mat(2n,R|X⊤J + JX = 0}

Definitions:

• Lie groups are groups G with the structure of a smooth man-
ifold, such that inversion and group multiplication are contin-
uous mappings (e.g. continuous symmetry groups).

• A matrix-Lie-group is a closed subgroup of GL(n,K).

• A Lie algebra g is an R- or C-vectorspace with a bilinear
Lie-bracket [·, ·] : g× g → g fulfilling ∀X,Y, Z ∈ g:

– bilinearity [λX + Y,Z] = λ[X,Z] + [Y,Z]

– antisymmetry [X,Y ] = −[X,Y ]

– Jacobian identity [[X,Y ], Z] + [[Z,X], Y ] + [[Y,Z], X] = 0

• We define the Lie algebra of a matrix-Lie-group G as:

Lie(G) = {X ∈Mn(K)| exp(tX) ∈ G ∀t ∈ R}.
with the matrix commutator [X,Y ] = XY − Y X.

• Let Mn(K) be the vector space of all n×n matrices. Through

the identification with Kn2

, x = (xij) 7→ (x11, x12, . . . , xnn)
Mn(K) gets the norm

∥x∥ =




n∑

i,j=1

|xij |2



1/2

= (tr(X∗X))1/2

• ∥XY ∥ ≤ ∥X∥∥Y ∥
• The exponential mapping exp :Mn(K) → GL(n,K)

exp(X) =
∞∑

k=0

Xk

k!

is invertible in the vicinity of 0. The inverse

logX =
∞∑

n=1

(−1)n+1 (X − 1)n

n

converges for ∥X − 1∥ < 1. For X,Y ∈Mn(C) we have:

– If XY = Y X: exp(X + Y ) = exp(X) exp(Y )

– exp(X) ∈ GL(n,C), exp(X)
−1

= exp(−X)

– ∀A ∈ GL(n,C): A exp(X)A−1 = exp
(
AXA−1

)

– det(exp(X)) = exp(tr(X))

– exp(X∗) = exp(X)
∗
, exp

(
X⊤) = exp(X)

⊤

• A mapping X : R → GL(n,K), t 7→ X(t) is called a one-
parameter group, if it is continuously differentiable, X(0) =
1, and ∀t, s ∈ R, X(s+ t) = X(s)X(t).

• X is called an infinitesimal generator of the one parameter
group t 7→ exp(tX).

• A Lie algebra homomorphism φ : g1 → g2 is a linear
mapping, so that [φ(X), φ(Y )] = φ([X,Y ]). If φ is invertible
it is an isomorphism and we have g1 ∼= g2.

Useful Theorems:

• Lie(G) consists of all the tangential vectors Ẋ(0) = d
dtX(t)|t=0

of smooth curves X :]− ε, ε[→ G with X(0) = 1 and ε > 0.

• Let φ : G → H be a differentiable homomorphism of matrix-
Lie-groups. Then φ∗ : Lie(G) → Lie(H) with

φ∗(X) =
d

dt

∣∣∣∣
t=0

φ(exp(tX)), X ∈ Lie(G)

is a Lie algebra homomorphism.

• CBH Let X,Y ∈Mn(K). For t small enough

exp(tX) exp(tY ) = exp

(
tX + tY +

t2

2
[X,Y ] +O(t3)

)

• Let G ⊂ GL(n,K) be a matrix Lie group with Lie algebra g
and the mapping exp : g → G. Then there is an open neigh-
borhood 0 ∈ U ⊂ g of 0 and an open neighborhood around
1 ∈ V ⊂ G, so that exp : U → GL(n,K) is a smooth immer-
sion with exp(U) = V .

• Let G ⊂ GL(n,K) be a Lie Group with Lie algebra g ⊂
gl(n,K). The group of all matrices of the form

exp(X1) · · · exp(Xk), X1, . . . , Xk ∈ g, k ≥ 1 <

is the connected component of 1 ∈ G.

6 Representations of Lie Groups

Definitions:

• A representation (τ, V ) of a Lie algebra g is a linear map
τ : g → gl(V ) = End(V ), such that [τ(X), τ(Y )] = τ([X,Y ]).

• A polynomial p(z1, . . . , zN ) in N unknowns is called homoge-
neous of degree d if for p(λz1, . . . , λzN ) = λdp(z1, . . . , zN )
∀λ ∈ R. They then are of the form

∑
|α|=d pαz

α .

• The tensorproduct of two finite dimensional representations
(ρ, V ), (ρ′, V ′) of a group G is the representation ρ ⊗ ρ′ onto
V ⊗V ′, given by (ρ⊗ρ′)(g) = ρ(g)⊗ρ′(g). The corresponding
representation (ρ⊗ρ′)∗ of g is given by (ρ⊗ρ′)∗(X) = ρ∗(X)⊗
1V ′ + 1V ⊗ ρ′∗(X) ∀X ∈ g.

Useful Theorems:

• Let (ρ, V ) be a representation of G and X ∈ Lie(G). Then

ρ∗(X) =
d

dt

∣∣∣∣
t=0

ρ(exp(tX)) ∈ gl(V )

is a representation of Lie(G), with

ρ(exp tX) = exp(tρ∗(X)), t ∈ R, X ∈ Lie(G)

• Every irreducible representation of U(1) is 1-dimensional and
equivalent to ρn : U(1) → GL(C) = C \ {0}, z 7→ zn for a
suitable n ∈ N.

• Homogenous polynomials of degree d in N variables build a
vector space. The monomials zj11 · · · zjNN with jk ≥ 0 and∑
k jk = d are a basis of this vector space.

• Let ρ : G→ GL(V ) be a representation of a Lie group G. Then
ρ maps one-parameter groups onto one-parameter groups.

• The restriction of a representation ρ of a Lie group G onto the
one-component G0 ∋ 1 from G is uniquely defined by ρ∗.

• Let ρ : G → GL(V ) be a representation of a connected Lie
group G. Then ρ is irreducible iff ρ∗ is irreducible.

• If [X,Y ] = 0 for ∀X,Y ∈ h ⊂ g, then h is a closed sub Lie
algebra of g.

• (Clebsch-Gordan) The decomposition of a tensorproduct of ir-
reductible representations of dimensions n′ + 1, n′′ + 1 is

ρn′ ⊗ ρn′′ ∼= ρn′+n′′ ⊕ ρn′+n′′−2 ⊕ · · · ⊕ ρ|n′−n′′|.

The irreducible sub-representation of dimension n′+n′′+1−2l
is spanned by wl, Fwl, . . . , F

n′+n′′−2l, where

wl =
l∑

j=0

(−1)j
(n′ − j)!(n′′ − l + j)!

j!(l − j)!
v′j ⊗ v′′l−j .

• For A ∈ GL(V ), B ∈ GL(W ) we have tr(A⊗B) =
tr(A) tr(B), so the character of a tensorproduct of representa-
tions ρ⊗ ρ′ is χ⊗ χ′ = χ · χ′.

Irreducible representation of SU(2):

• Every Z ∈ sl(n,C) can be uniquely written as Z = X + iY
with X,Y ∈ su(n)

• Let τ be a representation of su(n) on V . Then

τC(X + iY ) = τ(X) + iτ(Y )

defines a representation of the Lie algebra sl(n,C)
• τC is irreducible iff τ is irreducible.

• A basis of sl(2,C) is

h =

(
1 0
0 −1

)
, e =

(
0 1
0 0

)
, f =

(
0 0
1 0

)

• [h, e] = 2e, [h, f ] = −2f, [e, f ] = h

• If τ : sl(2,C) → gl(V ) is a C-linear representation, then
H = τ(h), E = τ(e), F = τ(f)

fulfill the relation

[H,E] = 2E, [H,F ] = −2F, [E,F ] = H

• Let (τ, V ) be an irreducible representation of sl(2,C), λ ∈ C
the eigenvalue of H with with the largest real part and v0
an eigenvector to λ, so Hv0 = λv0. It follows that Ev0 = 0
and for vk = F kv0 we have Hvk = (λ − 2k)vk and Evk =
k(λ− k + 1)vk−1.

• Let n = 0, 1, 2, . . . and v0, . . . , vn be the standard basis of
Vn = Cn+1. Then

– Hvk = (n− 2k)vk
– Evk = k(n+ 1− k)vk−1 (for k = 0: Ev0 = 0)

– Fvk = vk+1 (for k = n: Fvn = 0)

defines an irreducible representation τn of sl(2,C). Every
complex (n + 1)-dimensional irreducible representation from
sl(2,C) is isomorphic to τn.

• For every n = 0, 1, 2, . . . there exists (up to isomorphism) ex-
actly one irreducible representation (ρn, Un) of SU(2) of di-
mension n+ 1.

Un = {
n∑

j=0

cjz
j
1z
n−j
2 |cj ∈ C}

is the space of homogeneous polynomials of degree n in two
variables. For A ∈ SU(2), f ∈ Un

(ρn(A)f)(z) = f(A−1z)

ρn is unitary with respect to the dot product where

vk :=
zk1z

n−k
2√

k!(n− k)!

is an orthonormal basis.

• (ρn, Un) or any equivalent is called Spin- 12 -representation.

• (ρn)∗ = τn : sl(2,C) → gl(Cn+1), where we use the isomor-

phism Cn+1 ∼= Un, vk 7→ pk := (−1)k

(n−k)!z
k
1z
n−k
2 .

• For n ∈ N0 even, there exists (up to isomorphism) exactly one
irreducible representation (ρ̃n, Un) of SO(3) with dimUn =
n+ 1 (uneven):

(ρ̃n(R)p)(z) = p(A−1z),

where R ∈ SO(3) and φ(A) = R, with φ being the SU(2) →
SO(3) double cover.

Harmonic Polynomials and Spherical Harmonics

• We define Hl = {∑|α|=l cαx
α, cα ∈ C} with dimHl =

1
2 (l +

1)(l + 2) as the space of homogeneous polynomials of order l
in 3 variables. If P (x) ∈ Hl then P (R

−1x) ∈ Hl ∀R ∈ SO(3).

• We have the representation of SO(3) on Hl:

(ρ(R)f)(x) = f(R−1x)

• We define a dot product on Hl such that ρ is unitary:

(f, g) =

∫

|x|=1

f(x)g(x) dΩ(x)

• The Laplace operator ∆ =
∑3
i=1

∂2

∂x2
i
maps Hl onto Hl−2.

• We define the harmonic polynomials in Hl as

Vl = {f ∈ Hl|∆f = 0}
with dimVl ≥ dimHl − dimHl−2 = 2l + 1 and

Hl =

⌊l/2⌋⊕

k=0

r2kVl−2k

• We can now define a representation ρ of SU(2):

(ρ(A)u)(x) = u(φ(A)−1x), A ∈ SU(2), u ∈ Vl,

where φ(exp
(
−i∑3

j=1 σjnjθ/2
)
) = R(n, θ), |n| = 1.

• The corresponding Lie-algebra representation of su(2) onto
gl(Vl) is:

(τ(X)u)(x) = −2
3∑

β=1

(α ∧ x)β
∂u

∂xβ
(x),

where X =
∑
j(αj(−iσj) =

( −iα3 −iα1−α2
iα1+α2 iα3

)
∈ su(2) and

α = nθ/2 ∈ R3.

• h, e, f correspond to α = (0, 0, i), α = ( i2 ,− 1
2 , 0), α = ( i2 ,

1
2 , 0),

so H = τ(h), E = τ(e), F = τ(f):

H = −2i

(
xi

∂

∂x2
− x2

∂

∂x1

)
,

E = x3

(
∂

∂x1
+ i

∂

∂x2

)
− (x1 + ix2)

∂

∂x3
,

F = x3

(
− ∂

∂x1
+ i

∂

∂x2

)
+ (x1 − ix2)

∂

∂x3

• ulm recursively defined by ull(x) =
√

(2l+1)!
4π

(−1/2)l

l! (x1 + ix2)
l

and ul,l−j =
Ful,l−j+1(x)√
j(2l+1−j)

, defines an orthonormal basis with:

Hulm = 2mulm

Eulm =
√
(l −m)(l +m+ 1)ul,m+1

Fulm =
√
(l −m+ 1)(l +m)ul,m−1

• A spherical harmonic (Kugelfunktion) Y : S2 → C of
index l is the restriction onto S2 ⊂ R3 of a homogeneous har-
monic polynomial of degree l.

• Let V̂l be the space of all spherical harmonics of index l. We
have: Y = Y (θ, φ) ∈ V̂l ⇐⇒ rlY (θ, φ) ∈ Vl.

• Ylm(θ, φ) = r−lulm(r, θ, φ) is an orthonormal basis of V̂l.

• Ylm(θ, φ) is an eigenvector of ∆S2 : ∆S2Ylm = −l(l+)Ylm


