1 Groups
Finite Groups:

e Cyclic Group Z/nZ, |Z,|=n.

e Symmetric Group |S,| = n!

e Dihedral Gr Dp, = {1, R, .., "', 8, RS, .., R""'S},| Dy| = 2n.
Lie Groups (C*°-Manifolds):

e GL(n,
. (V = {1nv(‘rt1blc linear mappings V — V'}
e SL(n) ={A € GL(n, K)|det(A) = 1}

e O(n) ={A € GL(n,R)|AT = 47!

= {invertible n x n matricies}

< (Az, Ay) = (z,y) Y,y € R}, where (z,y) = Z?’Zl ;Y5
o U(n) ={A € GL(n,C)|A* = A1

= (Az, Aw) = (2,w) Vz,w € C}, where (z,w) = }7_, Zjw;
e O(p,q) = {A € GL(p + ¢, R)[(Az, Ay)pq = (2, Y)p,q}

where (2, y)pq = S0y it — S0 210

SO(n) = {A € O(n)| det(A) = 1}

e SU(n) ={A € U(n)|det(4) =1}
AeSU@Q) = A= (fgg), (,8)€C2, ol + 187 =1

= a0g +i(Boy + 702+ d03), |af® +15)°

Sp(2n) = {A € GL(n,R)|w(Az, Ay) = w(z,y)},
where w(z y) =i (Xai1Yas — Xo1Yai-1)

Definitions:
e A group G with a product G x G — G, (g,h) — gh has:

a(be) = (ab)e
leG:1lg=gl=g

— associativity
— neutral element

— dnverse Yg€GIgleG:ggl=1=g"1yg
e A homomorphism ¢ : G — H fulfills p(g o¢ ¢') = ¢(g) on
©(g') Yg,¢' € G. Tt follows that p(1) = 1, p(g™1) = p(g)7 .

If  is bijective, we call ¢ an isomorphism and write G = H.
e The set G/H of the cosets (links-Nebenklassen) of H C G
are the equivalence classes of g1 ~ g2 < 3h € H so g2 = g1h.

e A normal subgroup/conjugacy class of G is a subgroup
H, so that ghg* € HVYg € G, h € H.

Useful Theorems:

e Let H C G be a normal subgroup. Then G/H is a Group with
product [g1][g2] == [g192]-

2 Representations of Groups
Definitions:

e A representation of a group G on a R- or C-vector space V' #
0 is a homomorphism p : G — GL(V') with the characteristic
plgh) = p(g)p(h). Tt follows that p(1) =1, p(g™") = p(g) ™"
The regular representation of finite group G is the repre-
sentation onto the vector space C[G] of all the functions from

G to C: (preg(9)f)(h) = f(97"h), f € C[G]. g,h €GC.

e A homomorphism of representations (p1, V1) — (p2, V2)
is a linear operation ¢ : Vi — Va, so that ¢pi(g) = pa(9)e-
Homg(Vi, V2) is the space of all G-equivariant maps. If an
invertible ¢ € Homg (V4, Va) exists we have (p1, Vi) = (p2, Va).

e An invariant subspace of a (p, V) is a subspace W C V such
that p(g)W C W Vg € G. If W # {0} we call the restriction
plw : G — GL(W) a subrepresentation of G.

e A representation (p, V') is completely reducible, if invariant
subspaces Vi,...,V, C V exist, such that V=V & ---® V.

Useful Theorems:

e Let (p,V) be a finite-dimensional representation. If for ev-
ery invariant subspace W C V' there exists another invariant
subspace W’ with V.= W @& W’. Then (p,V) is completely
reducible.

Unitary representations p(g) € U(n) are completely reducible.

Let (p, V') be a representation of a finite group G. Then there
exists a scalarproduct (-,-) on V such tat (p, V) is unitary.

e Finite-dimensional complex representations of finite groups are
completely reducible.

Irreducible finite-dimensional complex representations of com-
mutative groups are 1-dimensional.

e Schur’s Lemma: Let (p1, V1), (p2, V2) be irreducible complex
representations of G.
(i) ¢ € Homg(Vy,V2) = ¢ =0 or ¢ is an isomorphism
(ii) ¢ € Homg(V1,V1). Then ¢ = A1, A e C

3 Representation Theory of Finite
Groups

Definitions:

e The character x, : G — C of a finite-dimensional represen-
tation (p, V') of a group G is defined as x,(g) = tr(p(g)). The
representation may be written in any Basis of G.

= Xo(9) = x,(hgh™1), e.g. X, is constant on conjugacy classes.
= If (p, V) = (', V'), then x,, = x,r

= Xp(1) =dimV

= Xp®p' = Xp T Xp'

= X9 = x0(9), Vg G

— Choosing a basis (d4)geq of delta functions where d4(g) = 1
and 0 otherwise of C[G]. It follows that preg(g)dn = dgn and
Xreg(9) = |G| if g =1 and 0 otherwise

o We define the scalar product (fi, fo) = ‘C‘ > gea il f1(9) f2(g)
f(h).

o A function f : G — Cis a class function, if f(ghg™!) =

Useful Theorems:

e A finite group G has a finite number of irreducible representa-
tions (p1,V1),...,(pk, Vi). Let d, = dim(V,), then

k
Yoo da =G|
o Let (p, V), (p', V') be irreducible unitary representations of G:
|Tl;‘ >gea Pij(9)pri(g) = T Ok, Vi, gk, L

If (p, V) & (o', V'): \G\ qu(‘ pu( )Pkl( ) =0.

e Let p, p’ be irreducible representations of a finite group G.
Then (x,, x,) = 11if (p,V) = (p', V') and 0 otherwise.

e Let p=p1 @ ® p, be the factorization of p into irreducible
representations and o be an irreducible representation. The
number of p; isomorphic to to o is equal to (x,, Xo)-

e Every irreducible representation of a finite group G is in the
regular representation. If a representation has dimension d
then it is in preg d times, (Xo;Xreg) = d. We can see that

Xreg(9) = 225 dixp. (9)-
e Let py,...,px be a list of non-isomorphic unitary representa-
tions. Let poij, @ = 1,...,k, 1 < i,j < do be the matrix

elements of p, written in an orthonormal Basis. Then the
functions v/dim Vo pa,;; build an orthonormal basis of C[G].

Let G be a finite group. The characters xi,...,xx of the
irreducible representations of G build an orthonormal basis of
the Hilbert space of class functions.

The number of irreducible complex finite-dimensional repre-
sentations of a finite group G is equal to the number of conju-
gacy classes of G.

Let p; : G — GL(V;), 1 <i < k be a list of all non isomorphic
irreducible representations of G. Let p be a representation
onV. Let V= U; & ---® U, be a factorization of V into
irreducible invariant subspaces. For every i, we define W; as
the direct sum of all U; for which ply; = p;. The projection

le

9geG

pi: V. — W; is given by

pl ‘Gl

The factorization V= W, @ - - - ® W}, is called canonical fac-
torization and the subspaces W; are called isotypic compo-
nents.

Let p be a finite-dimensional complex representation of a com-
pact group G and A : V — V a diagonalizable linear function,
with p(g)A = Ap(g), Vg € G. Let V=V & --- @V, be a
factorization into irreducible representations. Then A has at
most n different eigenvalues A, each with multiplicity dim Vj.

4 Die Drehgruppe und die Lorentz-

gruppe

Definitions:

e An isometry of the Euclidean space is a bijective function
f : R® — R3 that conserves distances: d(f(z),f(y)) =
d(z,y), Yo,y € R3. Therefore v € R® A € O(n) exist, such
that f(z) = Az +v Vo € R™

e The Minkowski space has the metric

(z,y)15 =20 —aly' — 2y — 2%y°
e A vector is called timelike, if (z,2);3 > 0, spacelike if

(2, 2)1,3 < 0 and lightlike if (z,2),3 =0 for z € R%.

Useful Theorems:

Let 77 € R? be a unit vector and O € SO(3) such that Oé3 = 7i.

Then R(7,0) = OR3(0)O~! is the rotation around 7 by 6.

Every A € SO(3) can be written using Euler angles

¢ €1[0,2m), 0 € [0,7] and ¢ € [0, 27) (uniquely if 6 # 0, 7):
A= Rs(p)R1(9)Rs(¥)

cos Y cos p—sin 1) cos O sin ¢ — sin @ cos p—cos ) cosOsinp  sinfsin
= [ cossin p+sin 1) cos 0 cos ¢ — sin 9 sin @+cos 1 cos O cos @ — sin 6 cos

sin ¢ sin cos 1) cos 0 cos

Homomorphism SU(2) — SO(3):

We define Hj as the vectorspace of all hermitian 2 X 2 matrices,
which have the form Ij,z.y “‘:'z‘vy
We define the scalar product (X,Y) = 1 tr(XY) = 3 tr(XY™)

We define the orthogonal representation ¢ : SU(2) — GL(Hy),
P(A)X = AXA™' = AX A%

The Pauli matrices o1, 09,03 are an orthonormal basis of Hy

o= (01 (0 —i (1 0
co=1d, o1 =(7 o). o2=1{; o) =1y _1)

since tr(o;0;) = 20;;. Therefore we identify Hy with R3.

¢ : SU(2) — SO(3) is surjective with kernel {#1}. This means
U(2)/{£1} 2 SO(3)

The Lorentz-group:

e O(1,3) = {A € GL(4,R)|(Az, Ay)1 3 = (z,y)1,3, Y,y € R}
1
For A€ O(1,3): AgAT =g, g= ( -

-1

A basis by, ..., bs of R* is orthonormal, if (b;, b;) = gij, Vi, .

Let by, ...,bs and b,...,b5 be two orthonormal bases. Then
there exists exactly one A € SO(1,3) such that Ab; = b}.

Lorentz transformation examples:
1000 cosh x 0 0 sinh x
_ (o _ 010 0
A(R)*<o R >~, L(X)*( 0 01 0 )
0 sinh x 0 0 cosh x

The first is a rotation and the second is a Lorentz-boost in the
2® direction with rapidity x € R.

() ()

Here P is a reflection of space and T is a reflection of time.
For all Lorentz transformations A: AT = PA~'P = TA-'T.
04(1,3) = {4 € O(1,3)|Agp > 0} is a subgroup of O(1,3),
which maps Z, — Z,, where Z consists of all the time-
like vectors with 2 > 0. Transformations that preserve the
direction of time are called orthochronous.

S04 (1,3) = {A € O4(1,3)|det A = 1} is called the special
orthochronus Lorentz group.

Every Lorentz transformation is in one of the following classes:
504(1,3), {PX|X € SO.(1,3)}, {TX|X € SO.(1,3)},
{PTX|X € SO,(1,3)}.

Every orthochronous transformation A € SO, (1,3) is of the
form A = A(Ry)L(x)A(R2), x € R, Ry, Rs € SO(3).
SO4(1,3) is path connected: for each A € SO4(1,3) there
exists a continuous map v : [0,1] — M3(R) for which (t) €
SO, (1,3)Vt and v(0) = 1, v(1) = A.

Isomorphism SL(2,C)/{£1} — SO, (1, 3)

e We define H as the 4-dimensional space of all the hermitian
2 X 2 matrices: every matrix has the form

) 3
= @l ot a —in = 2% +er0
: 2 g2 20— g3 700 2 J

j=

Vo € R* (z,2) = det(?)

We define the representation ¢ : SL(2,C) — GL(H),
AzA*. Tt follows that ¢(A) € SO (1,3).

The function ¢ : SL(2,C) — SO4(1,3) is a surjective homo-
morphism with kernel {£1}. Therefore ¢ induces an isomor-
phism SL(2,C)/{%1} — SO4(1,3). The restriction of ¢ onto
SU(2) is the homomorphism above.

() =

Lorentz group and the starry sky

e A light beam (through the origin) is a lightlike straight line
{Az,) € R}, & # 0 with (z,2) = 0. We define the set of all
light beams as S(K).

The mapping A + S, is an isomorphism of SO (1,3) — S2.
(Sa describes where each light beam intersects with the surface
of a ball with radius 1 around the origin.)

e Let A € SO4(1,3). If we identify the set of light beams S(K)
with S2, and using stereographic projection, with C, then Sy

is a mobius transformation 4. The mapping A +— A is an
isomorphism ¢! : SO (1,3) — SL(2,C) and

V(A) = p(QAQ™), Q:G) Bl>



5 Lie Groups and Lie Algebras

Lie Algebras:

o gl(n,K) = M,(K), gi(V) = End(V)

o sl(n,K) ={X € M,(K)|tr X =0}

o u(n) ={X € M,(C)|X* = —X}, dim = n?

o su(n) = {X € M, (C)|X* = —X, tr(X) =0}, dim =n? —1

o o(n) =s0(n) = {X € M,(R)|X" = -X} (tr(X) = 0), dim =
(n? —n)/2

sp(2n) = {X € Mat(2n,RIXTJ + JX =0}
Definitions:

e Lie groups are groups G with the structure of a smooth man-
ifold, such that inversion and group multiplication are contin-
uous mappings (e.g. continuous symmetry groups).

A matrix-Lie-group is a closed subgroup of GL(n, K).

A Lie algebra g is an R- or C-vectorspace with a bilinear
Lie-bracket [,-] : g X g — g fulfilling VX, Y, Z € g:

— bilinearity AX +Y,Z) = \[X, Z] +
— antisymmetry [X,Y] = —[X,Y]

— Jacobian identity [[X,Y], Z] + [[Z, X], Y] +

v, 2]

[[¥,2],X]=0

We define the Lie algebra of a matrix-Lie-group G as:
Lie(G) = {X € M,,(K)|exp(tX) € GVt € R}.

with the matrix commutator [X,Y] = XY — Y X.

e Let M, (K) be the vector space of all n x n matrices. Through
the identification with K"z, z = (i) = (T11,T12, .-, Tnn)
M, (K) gets the norm

1/2
2 *
lell = { 3 legl* | = (e x))2
ij=1
o XY < XY
e The exponential mapping exp : M, (K) — GL(n, K)
exp(X) = 3 o
k!
k=0

is invertible in the vicinity of 0. The inverse

log X = Z n+iX ]1)

n=1

converges for | X — 1| < 1. For X,Y € ]Wn((C) we have:

- XY =YX: exp(X +Y) = exp(X) exp(Y)
— exp(X) € GL(n,C), exp(X) ™" = exp(—X)

— VA € GL(n,C): Aexp(X)A™! = exp(AXA™Y)
— det(exp(X)) = exp(tr X)

— exp(X*) = exp(X)", exp(X ") = exp( X)T

A mapping X : R — GL(n,K), t — X(t) is called a one-
parameter group, if it is continuously differentiable, X (0) =
1, and Vi, s € R, X(s+1t) = X(s)X(t).

X is called an infinitesimal generator of the one parameter
group t — exp(tX).

A Lie algebra homomorphism ¢ : g; — go is a linear
mapping, so that [p(X), (V)] = ¢(|X,Y]). If ¢ is invertible
it is an isomorphism and we have g; = go.

Useful Theorems:

o Lie(G) consists of all the tangential vectors X (0) = % X (£)];—o
of smooth curves X :] —e,e[— G with X(0) =1 and e>0.

e Let ¢ : G — H be a differentiable homomorphism of matrix-
Lie-groups. Then ¢, : Lie(G) — Lie(H) with

o) = 5] lep(tX)),
t=0

is a Lie algebra homomorphism.
e CBH Let X,Y € M, (K). For t small enough

X € Lie(G)

exp(tX)exp(tY) = exp (tX +tY + 3 [X Y]+ O(t?’))

e Let G C GL(n, K) be a matrix Lie group with Lie algebra g
and the mapping exp : g — G. Then there is an open neigh-
borhood 0 € U C g of 0 and an open neighborhood around
1€V C G, so that exp : U — GL(n, K) is a smooth immer-
sion with exp(U) = V.

e Let G C GL(n,K) be a Lie Group with Lie algebra g C
gl(n, K). The group of all matrices of the form

exp(X1) - -exp(Xg), Xi,...,Xp €9, k>1<

is the connected component of 1 € G.

6 Representations of Lie Groups

Definitions:

e A representation (7,V) of a Lie algebra g is a linear map
7:g— gl(V) = End(V), such that [7(X),7(Y)] = 7([X,Y]).

e A polynomial p(z1,...,2yx) in N unknowns is called homoge-
neous of degree d if for p(Az1,...,A\zy) = A\%(21,...,2n)
VA € R. They then are of the form Z‘a‘:d Paz®

e The tensorproduct of two finite dimensional representations
(p, V), (p', V') of a group G is the representation p ® p’ onto
V&V’ given by (p®p')(g9) = p(g) ®p'(g). The corresponding
representation (p®p') of g is given by (p®@p)«(X) = p«(X)®
Ty + 1y @ pi(X) VX € g.

Useful Theorems:

o Let (p, V) be a representation of G and X € Lie(G). Then
d
pe(X) = 2| plexp(tX)) € gl(V)

t=0
is a representation of Lie(G), with

plexptX) = exp(tp.(X)), t € R, X € Lie(G)
e Every irreducible representation of U(1) is 1-dimensional and
equivalent to p, : U(1) = GL(C) = C\ {0}, z — 2" for a
suitable n € N.

Homogenous polynomials of degree d in N variables build a

vector space. The monomials z{'--- 23" with j; > 0 and

>k Jr = d are a basis of this vector space.

e Let p: G — GL(V) be a representation of a Lie group G. Then
p maps one-parameter groups onto one-parameter groups.

e The restriction of a representation p of a Lie group G onto the
one-component Go 3 1 from G is uniquely defined by p,.

e Let p : G — GL(V) be a representation of a connected Lie
group G. Then p is irreducible iff p, is irreducible.

o If [X,Y] =0 for VX,Y € b C g, then b is a closed sub Lie

algebra of g.

(Clebsch-Gordan) The decomposition of a tensorproduct of ir-
reductible representations of dimensions n’ + 1, n” +1 is

Pt @ Pnrr = pprgny O Prignr—2 B - D Pln’ —n’|-
The irreducible sub-representation of dimension n’ +n' +1—2[
is spanned by w;, Fuwy, ..., F*+7 =21 where

! " _
wi =3 (1) % L@ o).

Jj=0

e For A € GL(V), B € GL(W) we have tr(A® B) =
tr(A) tr(B), so the character of a tensorproduct of representa-
tions p@p' is x@ X =x- X

Irreducible representation of SU(2):

Every Z € sl(n,C) can be uniquely written as Z = X +14Y
with X,Y € su(n)
Let 7 be a representation of su(n) on V. Then
(X +1iY) =7(X) +ir(Y)
defines a representation of the Lie algebra sl(n, C)

7c is irreducible iff 7 is irreducible.
A basis of s[(2,C) is

1 0 01 0 0
O B G R U
[h,e] =2e, [h,fl=-2f, le,fl=h
If 7 : s1(2,C) — gl(V) is a C-linear representation, then
H=r7(h), E=1(e), F=1(f)
fulfill the relation
[H,E] = 2E,

[H,F) = —2F, |E,F]=H

Let (7,V) be an irreducible representation of sl(2,C), A € C
the eigenvalue of H with with the largest real part and wg
an eigenvector to A, so Hvg = Avg. It follows that Fvy = 0
and for vy = FFuy we have Hv, = (A — 2k)vy, and Evy =
k(A —k+ 1)vg—1.

e Let n = 0,1,2,...
V,, = C**1. Then

— Huv = (n—2k)vy,
— Bupy =k(n+1—k)vg_4 (for k =0: Evg =0)

— Fup = vy (for k =n: Fv, =0)

defines an irreducible representation 7, of s[(2,C). Every
complex (n + 1)-dimensional irreducible representation from
sl(2,C) is isomorphic to 7,.

and vp, ...,

For every n = 0,1,2,... there exists (up to isomorphism) ex-
actly one irreducible representation (p,,U,) of SU(2) of di-
mension n + 1.

n
U, = {Z c]z{z;k”cj e C}
j=0
is the space of homogeneous polynomials of degree n in two
variables. For A € SU(2), f e U,
(Pn(A)N)(2) = f(A712)
pr, is unitary with respect to the dot product where
hopk
V' = —F/—
kl(n — k)!

is an orthonormal basis.

(pn,Up) or any equivalent is called Spin—%—representation.
(pn)« = T @ 51(2,C) — gl(C"*1), where we use the isomor-

phism C"*!' 2 U,,, vj, + py, ((n Z)vzl "

For n € Ny even, there exists (up to isomorphism) exactly one
irreducible representation (p,,U,) of SO(3) with dimU, =
n+ 1 (uneven):

(Pu(R)p)(2) = p(A™"2),
where R € SO(3) and p(A) = R, with ¢ being the SU(2) —
SO(3) double cover.

Harmonic Polynomials and Spherical Harmonics

e We define H; = {3, ca®®, ¢o € C} with dimH; = L+
1)(I + 2) as the space of homogeneous polynomials of order [
in 3 variables. If P(z) € H; then P(R™'z) € H; VR € SO(3).

v, be the standard basis of

We have the representation of SO(3) on Hj:
(p(R)f) (@) = fF(R™'2)
We define a dot product on H; such that p is unitary:

(o= [ T o)

b a(ﬁ maps H; onto H;_s.

The Laplace operator A = Z
We define the harmonic polynomials in H; as
Vi={feH|af=0}
with dimV; > dim H; — dim H;_5 = 21 + 1 and
[1/2]

H, = @ Vo,

k=0
We can now define a representation p of SU(2):
(p(Au)(x) = u(p(4)'z), A€SU?2), ueV,
where w(exp(—i Z?:l ajn]ﬂ/Z)) = R(n,0), n| =1.

The corresponding Lie-algebra representation of su(2) onto
gl(Vy) is

3
ou
(X)) = =23 (@ Aa)s 5= (@)
B=1
where X = 3 (aj(—ioj) = (5,502, '94,°%) € su(2) and

a=nf/2 € R3.

h, e, f correspond to o = (0,0,4), o = (4,-1,0), a = (£, 1,0),
so H=1(h), E=1(e), F=7(f):

) 0 0
H=-2 (xla—llz — Lga—zl) s

o .0 ) 0
E =23 (a—h +za—zz> —(z +212)8—Ig,
o .0 ) 0
F=u3 <70—T1 +za—rz> + (21 7212)8'—103

U, recursively defined by wuy(z) = 4/ (2’4:1)' &2y 1/2> (w1 + iao)!
Fu ()
and wu—; = ”7\/77“ defines an orthonormal basis with:

j(21+1—3)
Hupp = 2mugy,
Eupn, =/ (L=m)(I +m + 1) mi1
Fupn, = (= m+ 1)1+ m)ugm—1

A spherical harmonic (Kugelfunktion) Y : 52 — C of
index [ is the restriction onto S C R? of a homogeneous har-
monic polynomial of degree [.

Let V; be the space of all spherical harmonics of index [. We
have: Y =Y(0,0) € Vi < rlY(0,0) € V.

Yim (0, ) = 7w (7,0, ¢) is an orthonormal basis of V.

Yim(0,¢) is an eigenvector of Agz2:  Ag2Yy,, = —I(1+)Yim,



